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Preface

These notes are designed as a comprehensive study guide for the Mathematics - III
course, instructed by Prof. Debdip Ganguly at the Indian Statistical Institute, Delhi
Center during the Fall 2026 semester. However, please keep in mind that they are most
effective when paired with regular attendance and active listening during the actual
lectures.
While I have made every effort to ensure this document is completely accurate, it is
entirely possible that a few typos or conceptual mistakes remain. I would be incredibly
grateful if you could point out any errors you spot while studying. Feel free to contact
me if you find any! ;)

— Utkarsh Bharadwaj
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1 Linear Transformations

Linear Transformation

Let V and W be two vector spaces over a field F. Thus, a linear transformation
T : V → W is defined as

1. T (v1 + v2) = T (v1) + T (v2) ∀v1, v2 ∈ V
2. T (αv) = αT (v) ∀α ∈ F

. Important

1. Both V and W must come for the same field F
2. A linear transform takes 0 ∈ V → 0 ∈ W

Example: Some examples of a vector space overRn

1. T : R2 → R2 such that T (x1, x2) = (x1,−x2)

# Using definition to prove it

Proof. Let u = (x1, x2) and v = (y1, y2) be in R2, and let α ∈ R.
1. Additivity:

T (u+ v) = T (x1 + y1, x2 + y2)

= (x1 + y1,−(x2 + y2))

= (x1,−x2) + (y1,−y2)

= T (u) + T (v)

2. Scalar Multiplication:

T (αu) = T (αx1, αx2)

= (αx1,−αx2)

= α(x1,−x2)

= αT (u)

Since both properties hold, T is a linear transformation.

2. T : R3 → R3 such that T (x1, x2, x3) = (x1, x2, 0). Its a projection over the x − y
plane

3. T : R2 → R2 such that T (x1, x2) = (x1 + 1, x2). This is NOT a linear transform as
T (0, 0) ̸= (0, 0)

4. T : M2(C) → C such that T (A) = tr(A)
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Matrix representation

Let V b a vector space of dimension k such that β = {v1, v2, . . . , vk} are the ba-
sis vectors of V . Thus, any v ∈ V can be written as v =

∑︁k
i=1 αivi ∀αi ∈ F.

Alternatively, we can also write

v =
[︁
v1 v2 · · · vk

]︁⏞ ⏟⏟ ⏞
B

⎡⎢⎢⎢⎣
α1

α2
...
αk

⎤⎥⎥⎥⎦
⏞ ⏟⏟ ⏞
[v]β

Thus, we have
v = B[v]β ⇐⇒ [v]β = B−1v

Note

B is a non-singular k × k matrix

Matrix Form of a Linear Transformation

Consider T : V → W such that V and W are n and m dimensions respectively.
Let

β = {v1, v2, . . . , vn} be basis of V
γ = {w1, w2, . . . , wn} be basis of W

Thus, ∀v ∈ V , we have v =
∑︁n

i=1 αivi and also T (vi) ∈ W ∀1 ≤ i ≤ n. Thus, we
have the following

T (v) = T (α1v1 + α2v2 + . . .+ αnvn)

= α1T (v1) + α2T (v2) + . . .+ αnT (Vn)

=
[︁
T (v1) T (v2) . . . T (vn)

]︁⏞ ⏟⏟ ⏞
Matrix of order m×n

⎡⎢⎢⎢⎣
α1

α2
...
αn

⎤⎥⎥⎥⎦
Thus, we have the following

T (v) = [T ]γβ[v]β

Indian Statistical Institute ◦ 3
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1.1 Some exercises on Linear Transformation and Matrix Notation

Example: 1

Consider the following linear transformation T : R2 → R2 such that T (x1, x2) = (x1,−x2).
Formulate the transformation matrix

# Solution

First, we need to fix a basis for V . Here V is R2. Thus, consider the standard basis:

e1 =

(︃
1
0

)︃
, e2 =

(︃
0
1

)︃
Now, we apply the linear transform on these basis vectors. Thus, we have:

T (e1) =

(︃
1
0

)︃
, T (e2) =

(︃
0
−1

)︃
The transformation matrix A is formed by taking these vectors as its columns.
Therefore, the transformation matrix is:

A =

(︃
1 0
0 −1

)︃

Example: 2

Let T : P2(R) → P1(R) such that T (p) = D(p)where Pn(R) is the space of all polynomials
of degree atmost n and D is the derivation of the polynomial. Formulate the transforma-
tion matrix

# Solution

First, we fix the standard bases for both the domain P2(R) and the codomain
P1(R). Let the standard basis for P2(R) be B1 = {1, x, x2} and the standard basis
for P1(R) be B2 = {1, x}.
Next, we apply the linear transformation T (differentiation) to each basis vector
in B1:

T (1) =
d

dx
(1) = 0

T (x) =
d

dx
(x) = 1

T (x2) =
d

dx
(x2) = 2x

Now, we express these results as coordinate column vectors with respect to the

Indian Statistical Institute ◦ 4
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codomain basis B2 = {1, x}:

[T (1)]B2 =

(︃
0
0

)︃
, [T (x)]B2 =

(︃
1
0

)︃
, [T (x2)]B2 =

(︃
0
2

)︃
Finally, we construct the transformation matrix by taking these coordinate vectors
as its columns. Thus, the standard transformation matrix A is:

A =

(︃
0 1 0
0 0 2

)︃

Example: 3

Let T : R2 → R2 be the reflection with respect to the straight line y = 2x. Find the analytic
expression for T .

# Solution

To find the transformation matrix for this reflection, we can use a basis composed
of vectors whose behavior under the reflection is easy to determine.
First, we identify a direction vector on the line y = 2x. If we let x = 1, then y = 2.
Thus, the vector v⃗1 =

(︃
1
2

)︃
lies on the line. Since points on the mirror line do not

move during a reflection, T (v⃗1) = v⃗1.
Next, we identify a vector orthogonal (perpendicular) to the line. The slope of our
line is 2, so the perpendicular slope is −1/2. A vector pointing in this direction is
v⃗2 =

(︃
−2
1

)︃
. Under reflection, a vector completely orthogonal to the mirror line is

flipped to its exact negative. Thus, T (v⃗2) = −v⃗2 =

(︃
2
−1

)︃
.

Now, we express the standard basis vectors e1 =

(︃
1
0

)︃
and e2 =

(︃
0
1

)︃
as linear

combinations of v⃗1 and v⃗2:

e1 =
1

5
v⃗1 −

2

5
v⃗2

e2 =
2

5
v⃗1 +

1

5
v⃗2

We apply the linear transformation T to the standard basis vectors using linearity:

T (e1) =
1

5
T (v⃗1)−

2

5
T (v⃗2) =

1

5

(︃
1
2

)︃
− 2

5

(︃
2
−1

)︃
=

(︃
−3/5
4/5

)︃
T (e2) =

2

5
T (v⃗1) +

1

5
T (v⃗2) =

2

5

(︃
1
2

)︃
+

1

5

(︃
2
−1

)︃
=

(︃
4/5
3/5

)︃
The transformation matrixA is formed by taking these transformed standard basis
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vectors as its columns:

A =

(︃
−3/5 4/5
4/5 3/5

)︃
=

1

5

(︃
−3 4
4 3

)︃

Finally, the analytic expression for T applied to an arbitrary vector
(︃
x
y

)︃
is given

by multiplying the matrix A by the vector:

T (x, y) =

(︃
−3

5
x+

4

5
y,

4

5
x+

3

5
y

)︃

Example: 4

Let T : P2(R) → P3(R) defined by

T (f)(x) = 2f ′(x) +

∫︂ x

0
3f(t)dt

Find the Null space of T .

# Solution

First, we establish the standard bases for our domain and codomain. The domain
is P2(R) with standard basis B = {1, x, x2}. Note that dim(P2(R)) = 3. The
codomain is P3(R) with standard basis C = {1, x, x2, x3}.
Next, we find the standard transformation matrix A by applying T to each basis
vector in B:

T (1) = 2
d

dx
(1) +

∫︂ x

0

3(1)dt = 0 + [3t]x0 = 3x

T (x) = 2
d

dx
(x) +

∫︂ x

0

3tdt = 2(1) +

[︃
3

2
t2
]︃x
0

= 2 +
3

2
x2

T (x2) = 2
d

dx
(x2) +

∫︂ x

0

3t2dt = 2(2x) + [t3]x0 = 4x+ x3

Writing these results as coordinate vectors relative to C = {1, x, x2, x3}, we form
the columns of matrix A:

A =

⎛⎜⎜⎝
0 2 0
3 0 4
0 3/2 0
0 0 1

⎞⎟⎟⎠
To use the Rank-Nullity theorem, we must first find the rank of T , which is the
rank of matrix A. We can determine this by checking the linear independence of
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the column vectors. Row reducing matrix A yields:

RREF(A) =

⎛⎜⎜⎝
1 0 0
0 1 0
0 0 1
0 0 0

⎞⎟⎟⎠
Since there are 3 pivot columns, the columns are linearly independent, meaning
the rank of the transformation is Rank(T ) = 3.
Alternatively, we can also find the range of T as explicitly writing out the span of
the transformed basis vectors:

Range(T ) = span
{︃
3x, 2 +

3

2
x2, 4x+ x3

}︃
Because these polynomials are linearly independent, the dimension of this range
is 3, which confirms that Rank(T ) = 3.
Now, we apply the Rank-Nullity Theorem, which states:

dim(Domain) = Rank(T ) + Nullity(T )

Substituting our known values:

3 = 3 + Nullity(T ) =⇒ Nullity(T ) = 0

The nullity is the dimension of the null space. Since the dimension is 0, the null
space must consist only of the zero vector (the zero polynomial).
Therefore, the Null space of T is:

N(T ) = {0}

Example: 5

Let T : P3(R) → P2(R) such that T (f(x)) = f ′(x). Formulate the transformation matrix.

# Solution

Let the standard basis for P3(R) be B1 = {1, x, x2, x3} and for P2(R) be B2 =
{1, x, x2}.
Next, we apply the linear transformation T (differentiation) to each basis vector
in B1:

T (1) = 0 = 0 · 1 + 0 · x+ 0 · x2

T (x) = 1 = 1 · 1 + 0 · x+ 0 · x2

T (x2) = 2x = 0 · 1 + 2 · x+ 0 · x2

T (x3) = 3x2 = 0 · 1 + 0 · x+ 3 · x2

Constructing the transformation matrix A by taking these coordinate vectors as its
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columns relative to B2:

A =

⎛⎝0 1 0 0
0 0 2 0
0 0 0 3

⎞⎠

2 Similar Matrix

Similar Matrix

For any A,B ∈ Mn(C), A and B are called similar matrices if there exists a non-
singular matrix P such that

A = PBP−1

This is denoted as A ∼ B

Note

1. A ∼ A : This is trivially true
2. A ∼ B ≡ B ∼ A
3. If A ∼ B and B ∼ C, this implies A ∼ C

# Proof of Transitivity

Proof. Let A ∼ B and B ∼ C. By definition, there exist non-singular matrices P
and Q such that:

A = PBP−1 and B = QCQ−1

Substituting B into the equation for A:

A = P (QCQ−1)P−1

= (PQ)C(Q−1P−1)

= (PQ)C(PQ)−1

Let L = PQ. Since the product of non-singular matrices is non-singular, L is
non-singular. Thus, A = LCL−1, which means A ∼ C.

. Important

(Mn(C),∼) is an equivalent relation on Mn(C)

Indian Statistical Institute ◦ 8
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3 Vector Space

Definition of a vector space

A vector space over a field F (such as the real numbers R or complex numbers
C) is a non-empty set V of objects, called vectors, equipped with two operations:

• Vector Addition: A rule that assigns to each pair of vectors u,v ∈ V a
unique vector u+ v ∈ V .

• Scalar Multiplication: A rule that assigns to each scalar c ∈ F and each
vector v ∈ V a unique vector cv ∈ V .

Example: Vector spaces

1. Rn, n ≥ 1 and Cn, n ≥ 1 are the most intuitive and basic examples of a vector space

2. Let V be a finite dimensional vector space of dimension n. Then forall v ∈ V , we
can write v =

∑︁n
i=1 αivi such that B = {v1, v2, . . . vn} are the basis vectors over

field Fn

Example: Space of matrices

Let Mm×n(F) be the set of all matrices of order m× n over the field F. For A = (aij)m×n

and B = (bij)m×n consider the following

(A⊕B)ij := aij + bij

(c ·A)ij := caij

This implies that (Mm×n,⊕, ·) defines a vector space over a field F

Example: Functions Mapping

Let S be any arbitrary set. Define FS as the set of all mappings from S to some F . Thus,
we have

FS := {f : S → F}

Thus, for any f, g ∈ FS and s ∈ S, we have the following

(f ⊕ g)(s) := f(s) + g(s)

(cf)(s) := cf(s) c ∈ F

In particular, if S = N and F = R, then F∞ := FN is the space of all real sequences. Thus,

F∞ = {{xn} : xn ∈ R}

Indian Statistical Institute ◦ 9
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The standard basis vectors for this space are:

e1 = {1, 0, 0, 0, . . . }
e2 = {0, 1, 0, 0, . . . }
...

ei = {0, 0, . . . , 1, . . . } (1 at the i-th position)

Example: l2 space

Consider the set
l2 =

{︂
{xn} :

∑︂
|xn|2 < ∞

}︂
This form a vector space. The proof of this is left as an exercise to the reader
Similarly, consider the following set

lp =
{︂
{xn} :

∑︂
|xn|p < ∞

}︂
This can be proved using a basic property of a convex function. We’ll arrive at the following
results

|xn + yn|p ≤ 2p−1 (|xn|p + |yn|p)

Readers are adviced to go through the quick proof themselves. To brush up your concepts
of convex optimization, you can click here.

Example: Function Space

Consider the set
V = {f : R → R, f is continuous}

This is also a vector space. For example, a linear transformation T : V → V on this space
can be defined by:

T (f ′)(x) =

∫︂ x

0
f(t)dt

4 Real Inner Product Space

Geometric Motivation

In R2 and R3, we can measure the length of a vector x geometrically:

|x| = (x2
1 + x2

2)
1/2 or |x| = (x2

1 + x2
2 + x2

3)
1/2

The angle θ between two vectors x and y is given by:

cos θ =
x · y

|x| · |y|

Indian Statistical Institute ◦ 10
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The abstract definition of the inner product generalizes these concepts of length
and angle to broader vector spaces.

Definition of inner product

Let X be a real vector space. An Inner Product on X is a function < ·, · > from
X ×X → R such hat it satisfies the following properties

1. ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 ⇐⇒ x = 0
2. ⟨αx+ βy, z⟩ = α⟨x, z⟩+ β⟨y, z⟩
3. ⟨x, y⟩ = ⟨y, x⟩

A vector space (X, ⟨·, ·⟩) with all elements following the above properties is called
an Inner Product Space

4.1 Some examples of Inner Product Space

Example: Rn

Consider x, y ∈ Rn and define ⟨x, y⟩ =
∑︁n

i=1 xiyi. This forms an inner product space

# Proof

We have defined an inner product on this space. Now, we’ll verify that the given
inner product satisfies those 3 properties mentioned earlier. This will prove that
Rn with the given inner product is an inner product space
Proof. 1. ⟨x, x⟩ =

∑︁
x2
i ≥ 0 and ∑︁x2

i = 0 ⇐⇒ xi = 0 ∀ i : This is trivially
true

2. For x, y, z ∈ V and α, β ∈ R, consider the following

⟨αx+ βy, z⟩ =
n∑︂

i=1

(αxi + βyi)zi

= α
∑︂

xizi + β
∑︂

yizi

= α⟨x, z⟩+ β⟨y, z⟩

3. Consider the following

⟨x, y⟩ =
∑︂

xiyi =
∑︂

yixi = ⟨y, x⟩

Thus, this defines an inner product space

Indian Statistical Institute ◦ 11
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Example: Finite dimensional vector space

Let V be any finite dimensional vector space with dimension n. Then forall v, w ∈ V and
α, β ∈ Rn we can write

v =
n∑︂

i=1

αivi w =
n∑︂

i=1

βivi

such that B = {v1, v2, . . . , vn} are the basis vectors for V . Further define

⟨v, w⟩ :=
n∑︂

i=1

αiβi

This defines an inner product space. The proof is trivial

. Important

Every vector space with a finite dimension forms an inner product space

Cauchy-Schwartz Inequality

Consider a real inner product space V . Consider x, y ∈ V . Thus, Cauchy-Schwartz
Inequality states that

|⟨x, y⟩| ≤ (⟨x, x⟩)1/2 (⟨y, y⟩)1/2

5 Complex Inner Product Space

Definition

Let X be a complex vector space. An inner product on X is a function ⟨·, ·⟩ :
X ×X → C such that it satisfies the following properties

1. ⟨x, x⟩ ∈ R, ⟨x, x⟩ ≥ 0
2. ⟨x, x⟩ = 0 ⇐⇒ x = 0

5.1 Some examples of complex inner product space
We’ll see a couple of examples of a complex inner product space here

Example: Cn

Consider x, y ∈ Cn. Define the complex inner product as

⟨x, y⟩ :=
n∑︂

i=1

xiȳi ∈ C

Indian Statistical Institute ◦ 12
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This defines a complex inner product space

# Proof

Consider the following

⟨x, x⟩ =
n∑︂

i=1

xix̄i =
n∑︂

i=1

|xi|2

Thus, ⟨x, x⟩ clearly belongs to R. Also, we have
n∑︂

i=1

|xi|2 ≥ 0 ∀xi ∈ C

and
n∑︂

i=1

|xi|2 = 0 ⇐⇒ xi = 0 ∀ i

Example: Finite dimensional complex vector space

Consider a finite dimensional complex vector V such that B = {v1, . . . , vn} form the basis
vector for V where it is obvious that vi ∈ C ∀ i. Thus, we can write for any v, w ∈ V

v =
∑︂

αivi w =
∑︂

βivi

such that αi, βi ∈ C. Define the following

⟨v, w⟩ =
n∑︂

i=1

αiβ̄i

This defines a complex vector space. Proof is left to the reader as an exercise

Example: l2

Consider the following set

l2 =
{︂
{xn} :

∑︂
|xn|2 < ∞

}︂
Define the complex inner product as

⟨{xn}, {yn}⟩ :=
n∑︂

i=1

xiȳi

This defines a complex inner product space

Indian Statistical Institute ◦ 13
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. Important

We cannot define a complex inner product space on the lp for p ̸= 2which is defined
as

lp =
{︂
{xn} :

∑︂
|xn|p < ∞

}︂

Lemma

Let X be an inner product space. Consider x, y, z ∈ X and α, β ∈ C. Then, we
have the following properties

1. ⟨⃗0, y⟩ = ⟨x, 0⃗⟩ = 0
2. ⟨x, αy + βz⟩ = ᾱ⟨x, y⟩+ β̄⟨x, z⟩
3. ⟨αx+ βy, αx+ βy⟩ = |α|2⟨x, x⟩+ αβ̄⟨x, y⟩+ βᾱ⟨y, x⟩+ |β|2⟨y, y⟩

# Proof of Property 2

Proof. Using the conjugate symmetry and linearity in the first argument:

⟨x, αy + βz⟩ = ⟨αy + βz, x⟩
= α⟨y, x⟩+ β⟨z, x⟩
= ᾱ⟨y, x⟩+ β̄⟨z, x⟩
= ᾱ⟨x, y⟩+ β̄⟨x, z⟩

Note

⟨x, y⟩ = ¯⟨y, x⟩ ∈ C

6 GramMatrix

Definition

Let X be a real inner product space of finite dimension such that B =
{v1, v2, . . . , vn} form the basis vector of X. Consider x, y ∈ X. Thus, we can
write

x = β1v1 + . . .+ βnvn

y = α1v1 + . . .+ αnvn

Thus, we have the following inner product
⟨x, y⟩ = ⟨β1v1 + . . .+ βnvn, α1v1 + . . .+ αnvn⟩

= α1⟨v1, v1⟩β1 + β1⟨v2, v1⟩α2 + . . .

Indian Statistical Institute ◦ 14
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This can also be written as

⟨x, y⟩ =
[︁
β1 β2 . . . βn

]︁
⎡⎢⎢⎢⎣
⟨v1, v1⟩ ⟨v1, v2⟩ . . . ⟨v1, vn⟩
⟨v2, v1⟩ ⟨v2, v2⟩ . . . . . .

...
⟨vn, v1⟩ . . . . . . ⟨vn, vn⟩

⎤⎥⎥⎥⎦
⏞ ⏟⏟ ⏞

Symmetric Matrix

⎡⎢⎢⎢⎣
α1

α2
...
αn

⎤⎥⎥⎥⎦

Thus, we have the following
⟨x, y⟩ = xT

BGyβ

where G is the Gram Matrix with respect to B

7 Symmetric Matrix

Definition and basic properties

A matrix A = (aij)n×n is called a Symmetric Matrix if AT = A, i.e., aij = aji. It
also has the following two basic properties among others

1. All the Eigenvalues of A are in R. Thus σ(A) ⊆ R
2. A is diagonalizable, i.e., there exists a non-singular matrix P such that A =

PDP T

7.1 Orthogonal Diagonalizable

Note

A real symmetric matrix of order n is said to be positive definite if forall non-zero
vector x ∈ Rn

xTAx > 0

Also, recall that for x, y ∈ Rn

⟨x, y⟩ =
n∑︂

i=1

xiyi = yTx

Proposition

Let A be real matrix of order n. The, the following are equivalent
1. The expression ⟨x, y⟩ = yTAx defines an inner product on Rn

2. A is a real positive definite matrix
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# Proof

Proof. ⟨x, x⟩ = yTAx = ⟨y, x⟩ = xTAy Since ⟨x, y⟩ defines an inner product space,
we can write the following

0 ≤ ⟨x, x⟩ = xTAx

This implies xTAx ≥ 0. Also since ⟨x, x⟩ = 0 ⇐⇒ x = 0, this implies that
xTAx = 0 ⇐⇒ x = 0. Hence, we have the following result that for any non-zero
vector x ∈ Rn

xTAx > 0

Definition of Orthogonal Matrix

A matrix S ∈ Mn(R) is said to be orthogonal matrix if SAt = In where In is the
identity matrix of order n

Proposition

Let S be a matrix in Mn(R). Then, the following are equivalent
1. S is an orthogonal matrix
2. SST = In
3. STS = In
4. The column of S are an orthogonal basis for Rn

5. The Row of S are an orthogonal basis for Rn

# Proof of Equivalence (3) and (4)

Proof. Let S =
[︁
c1 c2 . . . cn

]︁ where ci represents the i-th column vector of S.
Consider the product STS:

STS =

⎡⎢⎢⎢⎣
cT1
cT2...
cTn

⎤⎥⎥⎥⎦ [︁c1 c2 . . . cn
]︁

The element in the i-th row and j-th column of STS is given by cTi cj = ⟨ci, cj⟩.
Thus, STS = In if and only if:

⟨ci, cj⟩ =

{︄
1 if i = j

0 if i ̸= j

This means STS = In is true if and only if the columns of S form an orthogonal
basis for Rn.
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Definition of orthogonally diagonalizable matrix

A real matrix is said to be orthogonally diagonalizable if there exists a diagonal
matrix D and an orthogonal matrix S such that

D = STAS

Equivalently, we can also write

A = SDST

It is easy to see that A is a symmetric matrix

Lemma

Let A be a real symmetric matrix and let x1, x2 be eigen-vectors of A associated
with distinct eigenvalues λ1, λ2. Then, ⟨x1, x2⟩ = 0

# Proof

Proof. Consider the following

⟨x1, Ax2⟩ = (Ax2)
T x1 = xT

2A
Tx1 = xT

2Ax1

= λ1x
T
2 x1 = λ1⟨x1, x2⟩

Also, the same expression can be written in the following way

⟨x1, Ax2⟩ = ⟨x1, λ2x2⟩ = λ2⟨x1, x2⟩

Thus, we have λ1⟨x1, x2⟩ = λ2⟨x1, x2⟩. This implies

(λ1 − λ2)⟨x1, x2⟩ = 0

Thus, ⟨x1, x2⟩ = 0 since λ1 ̸= λ2

Theorem

A real square matrix is orthogonally diagonalizable iff it is symmetric

# Proof

Proof. If A is orthogonally diagonalizable then A is symmetric. This has already
been shown in a previous result. Thus, we’ll only prove the "if" part here.
Let A be a symmetric matrix. To prove A is orthogonally diagonalizable we’ll use
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the method of induction. The result is trivially true for n = 1, since any 1 × 1
matrix is diagonal.
Suppose A is an n×nmatrix with n ≥ 2 and that the assertion holds for all square
symmetric matrices of order (n− 1).
Let λ be a real eigenvalue of A with eigenvector x such that ||x|| = 1. (Every real
symmetric matrix has at least one real eigenvalue). Consider the following basis
for Rn:

B = {x} ∪ (span{x})⊥

= {x} ∪ β⊥
1

where β⊥
1 = {v2, v3, . . . , vn} is an orthonormal basis for (span{x})⊥, formally de-

fined as:
span{x}⊥ = {v ∈ Rn : ⟨x, v⟩ = 0}

Because x is orthogonal to every vector in β⊥
1 , the set B forms an orthonormal

basis for Rn. Let P1 be the n× n matrix whose columns are the vectors of B:
P1 =

[︁
x v2 . . . vn

]︁
Since the columns of P1 are orthonormal, P1 is an orthogonal matrix. Let us ex-
amine the matrix P T

1 AP1.
The first column of P T

1 AP1 is evaluated as follows:

P T
1 Ax = P T

1 (λx) = λP T
1 x = λ

⎡⎢⎢⎢⎣
1
0
...
0

⎤⎥⎥⎥⎦
Furthermore, since A is symmetric, the matrix P T

1 AP1 is also symmetric:
(P T

1 AP1)
T = P T

1 A
T (P T

1 )
T = P T

1 AP1

Because P T
1 AP1 is symmetric and its first column is zero everywhere except for

the first entry, its first row must also be zero everywhere except for the first entry.
Thus, P T

1 AP1 takes the block matrix form:

P T
1 AP1 =

[︃
λ 0T

0 A1

]︃
where A1 is an (n− 1)× (n− 1) symmetric matrix.
By our inductive hypothesis, since A1 is an (n−1)× (n−1) symmetric matrix, it is
orthogonally diagonalizable. Therefore, there exists an (n−1)×(n−1) orthogonal
matrix Q and a diagonal matrix D1 such that:

QTA1Q = D1

We now construct an n× n block matrix P2 defined by:

P2 =

[︃
1 0T

0 Q

]︃
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Since Q is orthogonal, P2 is also an orthogonal matrix. Now, let P = P1P2. The
product of two orthogonal matrices is orthogonal, so P is an orthogonal matrix.
Finally, we compute P TAP :

P TAP = (P1P2)
TA(P1P2)

= P T
2 (P

T
1 AP1)P2

=

[︃
1 0T

0 QT

]︃ [︃
λ 0T

0 A1

]︃ [︃
1 0T

0 Q

]︃
=

[︃
λ 0T

0 QTA1Q

]︃
=

[︃
λ 0T

0 D1

]︃
Since D1 is a diagonal matrix, P TAP is a completely diagonal matrix. Thus, A is
orthogonally diagonalizable, completing the induction step and the proof.

8 Spectral Theorem

Recall: Orthogonally Diagonalizable

A real matrix A is orthogonally diagonalizable if A = SDST , where S is an or-
thogonal matrix and D is a diagonal matrix.

• Theorem: A real matrix is orthogonally diagonalizable if and only if A is
symmetric.

• Given A is a real symmetric matrix, we follow two steps to diagonalize it:
1. Find eigenvalues of A, denoted as {λ1, λ2, . . . , λn}. If all eigenvalues

are distinct, the corresponding eigenvectors are mutually orthogonal
(i.e., ⟨vi, vj⟩ = 0 for i ̸= j).

2. Find eigenvectors {v1, v2, . . . , vn} corresponding to the eigenvalues,
forming the matrix S = [v1, v2, . . . , vn].

Spectral Theorem

Let A be an n× n real symmetric matrix. Then A has a spectral decomposition of
the form:

A = λ1u1u
T
1 + λ2u2u

T
2 + · · ·+ λnunu

T
n
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# Proof / Derivation

Proof. From orthogonal diagonalization, we can write A = SDST where S =
[u1, u2, . . . , un] is an orthogonal matrix composed of orthonormal eigenvectors, and
D is the diagonal matrix of eigenvalues. Expanding the matrices gives:

A =
[︁
u1 u2 . . . un

]︁
⎛⎜⎜⎜⎝
λ1 0 . . . 0
0 λ2 . . . 0
... ... . . . ...
0 0 . . . λn

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
uT
1

uT
2...

uT
n

⎞⎟⎟⎟⎠
Multiplying the first two matrices:

A =
[︁
λ1u1 λ2u2 . . . λnun

]︁
⎛⎜⎜⎜⎝
uT
1

uT
2...

uT
n

⎞⎟⎟⎟⎠
Expanding this final product yields the spectral decomposition:

A = λ1u1u
T
1 + λ2u2u

T
2 + · · ·+ λnunu

T
n

Example: Spectral Decomposition

Find the spectral decomposition of the following matrix:

A =

⎛⎝5 1 1
1 5 1
1 1 5

⎞⎠
# Solution

First, we find the eigenvalues by solving the characteristic equation det(A−λI) =
0:

det

⎛⎝5− λ 1 1
1 5− λ 1
1 1 5− λ

⎞⎠ = 0

Observing that the row sums are all 7, λ1 = 7 is an eigenvalue. Factoring out
(7− λ) leaves a repeated root of λ2 = λ3 = 4.
Next, we find the corresponding orthonormal eigenvectors:

• For λ1 = 7: Solving (A− 7I)v = 0 gives v1 = (1, 1, 1)T . Normalizing it gives
u1 =

1√
3
(1, 1, 1)T .

• For λ = 4: Solving (A− 4I)v = 0 yields the plane x+ y+ z = 0. We pick two
orthogonal vectors in this plane. Let v2 = (1,−1, 0)T , yielding normalized
u2 =

1√
2
(1,−1, 0)T .
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• For the third vector, we take the cross product v3 = v1 × v2 = (1, 1,−2)T ,
yielding normalized u3 =

1√
6
(1, 1,−2)T .

Applying the Spectral Theorem formula, the decomposition is:

A = 7

⎛⎝1

3

⎛⎝1
1
1

⎞⎠(︁1 1 1
)︁⎞⎠+4

⎛⎝1

2

⎛⎝ 1
−1
0

⎞⎠(︁1 −1 0
)︁⎞⎠+4

⎛⎝1

6

⎛⎝ 1
1
−2

⎞⎠(︁1 1 −2
)︁⎞⎠

Corollary 1

LetA be a real positive definite symmetric matrix. Then there exists a non-singular
matrix B such that A = BBT .

# Proof of Corollary 1

Proof. Since A is symmetric, we can orthogonally diagonalize it as A = SDST .
Because it is positive definite, all its eigenvalues are positive, allowing us to split
the diagonal matrix D into D = D1/2D1/2, where:

D1/2 =

⎛⎜⎜⎜⎝
√
λ1 0 . . . 0
0

√
λ2 . . . 0

... ... . . . ...
0 0 . . .

√
λn

⎞⎟⎟⎟⎠
Letting B = SD1/2, we can rewrite the decomposition as:

A = (SD1/2)(D1/2ST ) = (SD1/2)(SD1/2)T = BBT

Corollary 2

A real symmetric matrix is positive definite if and only if its eigenvalues are strictly
positive numbers.

# Proof of Corollary 2

Proof. Forward Direction ( =⇒ ): Assume A is positive definite. For any non-
zero vector x ̸= 0, we have 0 < xTAx. Let v ̸= 0 be an eigenvector such that
Av = λv. By definition of the inner product, ⟨v, v⟩ = ∥v∥2 > 0. Substituting v into
the positive definite condition gives:

0 < vTAv = vT (λv) = λ∥v∥2 =⇒ λ > 0

Reverse Direction ( ⇐= ): Conversely, assume all eigenvalues of A are positive
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(λi > 0). We must claim xTAx > 0 for all x ̸= 0. Using the orthogonal decompo-
sition A = SDST , let x ̸= 0:

xTAx = xT (SDST )x = (STx)TD(STx)

Let y = STx. Since x ̸= 0 and ST is an invertible orthogonal matrix, it guarantees
y ̸= 0. Thus, the expression becomes yTDy =

∑︁n
i=1 λiy

2
i . Since at least one com-

ponent of y is non-zero (meaning y2i > 0) and all λi > 0, the sum is strictly greater
than zero, proving xTAx > 0.

9 Singular Value Decomposition (SVD)

Foundations of SVD

Let A be a k × n real matrix, defined as A = (aij)k×n.
• Define B = ATA. Since BT = (ATA)T = AT (AT )T = ATA = B, it follows

that ATA is a real symmetric matrix of size n× n.
• The eigenvalues of ATA, denoted σ(ATA), are a subset of R. Let them be

{λ1, λ2, . . . , λn} where λi ∈ R.
• Let λ be an eigenvalue of ATA corresponding to an eigenvector v ̸= 0. We

can show λ ≥ 0 using the inner product:

0 ≤ ⟨Av,Av⟩ = (Av)T (Av) = vT (ATA)v = vT (λv) = λ∥v∥2 =⇒ λ ≥ 0

• We define the singular values of matrix A as σi =
√
λi.

# Constructing the Orthogonal Bases

Let {v1, v2, . . . , vn} be an orthogonal set of eigenvectors ofATAwhich forms a basis
for Rn. Let {λ1, λ2, . . . , λr} be the non-zero eigenvalues of ATA, corresponding to
singular values {σ1, σ2, . . . , σr}. We conventionally order them as:

σ1 ≥ σ2 ≥ σ3 · · · ≥ σr > 0

We calculate the norm of Avi (assuming the eigenvectors are normalized so ∥vi∥ =
1):
∥Avi∥ = (⟨Avi, Avi⟩)1/2 =

[︁
(Avi)

TAvi
]︁1/2

=
[︁
vTi (A

TA)vi
]︁1/2

=
√︁

λi∥vi∥2 =
√︁

λi = σi

Because the eigenvectors of a symmetric matrix are orthogonal, ⟨Avi, Avj⟩ = 0 for
i ̸= j. We can define normalized vectors ui in the column space:

ui =
1

∥Avi∥
Avi

This ensures ∥ui∥ = 1 and ⟨ui, uj⟩ = 0 for i ̸= j. The set {u1, u2, . . . , ur} (for r ≤ n)
forms a basis for the column space of A, denoted col(A).

col(A) = span{Av1, . . . , Avr} ∪ span{Avr+1, . . . } = span{Av1, . . . , Avr}
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Thus {u1, u2, . . . , ur} forms an orthonormal basis for col(A). We can use the exten-
sion of basis theorem to add vectors ur+1, . . . , uk to form a complete orthonormal
basis for Rk.

SVD Theorem

Let A be a k × n real matrix. Then there exist a k × k orthogonal matrix U and
an n× n orthogonal matrix V such that:

A = UΣV T

where Σ is a k × n diagonal matrix of singular values.

# Matrix Form Derivation

Since ui =
1

∥Avi∥Avi, rearranging gives Avi = σiui. In block matrix form, we can
write:

Ak×n

[︁
v1 v2 . . . vn

]︁
=
[︁
u1 . . . ur ur+1 . . . uk

]︁(︃D 0
0 0

)︃
where D is an r × r diagonal matrix containing the strictly positive singular val-
ues σ1, . . . , σr. Letting U = [u1, . . . , uk], Σ =

(︃
D 0
0 0

)︃
, and V = [v1, . . . , vn], the

equation becomes AV = UΣ. Right-multiplying by V T (since V is orthogonal and
V −1 = V T ) yields the final decomposition:

Ak×n = [u1 . . . uk]⏞ ⏟⏟ ⏞
k×k

Σ⏞⏟⏟⏞
k×n

[v1 . . . vn]
T⏞ ⏟⏟ ⏞

n×n

Example: Example 1: SVD Calculation

Find the Singular Value Decomposition (SVD) for the following matrix:

A =

⎛⎝1 −1
0 1
1 1

⎞⎠
# Solution

First, we construct the symmetric matrix ATA:

ATA =

(︃
1 0 1
−1 1 1

)︃⎛⎝1 −1
0 1
1 1

⎞⎠ =

(︃
2 0
0 3

)︃
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The eigenvalues of ATA are evidently σ(ATA) = {3, 2}. The singular values are
the square roots of the eigenvalues, ordered such that σ1 > σ2:

σ1 =
√
3, σ2 =

√
2

The corresponding normalized eigenvectors for ATA are:

v1 =

(︃
0
1

)︃
(for λ = 3), v2 =

(︃
1
0

)︃
(for λ = 2)

Next, we calculate the orthogonal basis vectors for the column space using ui =
1

∥Avi∥Avi:

u1 =
1√
3
A

(︃
0
1

)︃
=

1√
3

⎛⎝−1
1
1

⎞⎠
u2 =

1√
2
A

(︃
1
0

)︃
=

1√
2

⎛⎝1
0
1

⎞⎠
To complete the orthonormal basis for R3, we find a vector u3 that is orthogonal
to both u1 and u2 by taking their cross product:

u′
3 =

⎛⎝−1
1
1

⎞⎠×

⎛⎝1
0
1

⎞⎠ =

⎛⎝ 1
2
−1

⎞⎠

Normalizing u′
3 yields u3 =

1√
6

⎛⎝ 1
2
−1

⎞⎠.

The final SVD form A = UΣV T is written as:

A =

⎛⎝−1/
√
3 1/

√
2 1/

√
6

1/
√
3 0 2/

√
6

1/
√
3 1/

√
2 −1/

√
6

⎞⎠
⏞ ⏟⏟ ⏞

U3×3

⎛⎝√
3 0

0
√
2

0 0

⎞⎠
⏞ ⏟⏟ ⏞

Σ3×2

(︃
0 1
1 0

)︃
⏞ ⏟⏟ ⏞

V T
2×2

10 Low Rank Approximation

This section defines a new concept ofMatrix Norms and an important application of SVD
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Finite Vector Norm

For a finite vector x ∈ Rn where x = (x1, x2, . . . , xn), the general p-norm is defined
as:

||x||p :=

(︄∑︂
i

|xi|p
)︄ 1

p

Matrix Rank and Approximation Goal

• The rank of a matrix is the number of linearly independent columns or rows,
which is equal to the number of non-zero singular values.

• Aim: In low rank approximation, the goal is to approximate a given ma-
trix M with a lower-rank matrix Mk (where rank(Mk) ≤ k) such that the
distance ||M −Mk|| is minimized.

Operator Norm (2-Norm)

The operator norm of a matrix M is defined as:

||M ||2 := max
x̸=0

||Mx||2
||x||2

= max
x̸=0

(⟨Mx,Mx⟩)1/2

(⟨x, x⟩)1/2

Claim: ||M ||2 = σmax(M).

# Proof of Operator Norm Claim

Proof. We want to maximize the ratio ⟨Mx,Mx⟩
⟨x,x⟩ . Notice that ⟨Mx,Mx⟩ =

xTMTMx. By evaluating this for an eigenvector x of MTM , the maximum value
corresponds to the largest eigenvalue of MTM , denoted as λmax. Thus, the
maximum of the squared ratio is λmax. Taking the square root gives √

λmax =
σmax(M).

Courant-Fischer Characterization

Let A = AT ∈ Mn×n(R). Let {λ1, . . . , λn} be the eigenvalues of A sorted in de-
scending order. The k-th eigenvalue can be characterized using the Rayleigh Quo-
tient R(x) = xTAx

xT x
as:

λk = min
dim(V )=k

max
x∈V,x̸=0

xTAx

xTx
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# Proof of Courant-Fischer Characterization

Proof. Let A = AT ∈ Mn×n(R). Consider the Rayleigh quotient R(x) = xTAx
xT x

.
Let {v1, v2, . . . , vn} be an orthonormal basis of eigenvectors for Rn. By expanding
x =

∑︁k
i=1 civi in a fixed subspace of dimension k, we observe that R(x) ≥ λk. Let

V be any k-dimensional subspace and define Ēk = span{vk, vk+1, . . . , vn}. Since
dim(Ēk) = n − k + 1, the intersection V ∩ Ēk contains a non-zero vector x0. For
this vector, R(x0) =

∑︁n
i=k λic

2
i∑︁

c2i
≤ λk. Thus, mindim(V )=k maxx∈V R(x) = λk.

Low Rank Approximation in Operator Norm

Let M ∈ Mm×n(R) with singular values σ1 ≥ σ2 ≥ · · · ≥ σn. For any integer
k ≥ 1, the truncated SVD matrix M̃k =

∑︁k
i=1 σiuiv

T
i satisfies:

||M − M̃k||2 = σk+1

Furthermore, for any matrix Mk of rank at most k, we have ||M −Mk||2 ≥ σk+1.

# Proof of Approximation Error

Proof. Using SVD, the residual matrix is M − M̃k =
∑︁n

i=k+1 σiuiv
T
i . The operator

norm of this residual matrix is its largest singular value. Since the singular values
of the residual are σk+1, σk+2, . . . , the maximum is σk+1. Thus, ||M − M̃k||2 =
σk+1.

11 Frobenius Norm

Definition of Frobenius Norm

For any matrix M ∈ Mm×n(R), the Frobenius norm is defined as:

||M ||F =

(︄
m∑︂
i=1

n∑︂
j=1

|mij|2
)︄1/2

This is equivalent to treating the matrix as a vector in Rmn.

Properties of Frobenius Norm

1. ||M ||2F = tr(MTM) = tr(MMT ).
2. Non-negativity: ||M ||F ≥ 0, and ||M ||F = 0 =⇒ mij = 0 ∀i, j.
3. Homogeneity: ||αM ||F = |α|||M ||F .
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4. Triangle Inequality: ||M+N ||F ≤ ||M ||F+||N ||F . This is proven by treating
the matrices as vectors in Rmn and applying the standard Cauchy-Schwarz
inequality.

5. Orthogonal Invariance: The Frobenius norm is invariant under orthogo-
nal transformations. If U and V are orthogonal matrices, then ||UAV ||F =
||A||F .

# Proofs for Frobenius Norm Properties

Proof. Non-negativity: The definition states ||M ||2F =
∑︁

i

∑︁
j |mij|2 ≥ 0. If

||M ||2F = 0, then ∑︁i

∑︁
j |mij|2 = 0, which implies mij = 0 ∀i = 1 . . .m, j =

1 . . . n.
Homogeneity: Evaluating the scalar multiple gives ||αM ||2F =

∑︁
i

∑︁
j |αmij|2 =

|α|2
∑︁

i

∑︁
j |mij|2 = |α|2||M ||2F , meaning ||αM ||F = |α|||M ||F .

Triangle Inequality: Using the Cauchy-Schwartz inequality, we can bound the
norm of M +N :

||M +N ||2F =
∑︂
i

∑︂
j

(mij + nij)
2

=
∑︂
i

∑︂
j

[︁
(mij)

2 + (nij)
2 + 2mijnij

]︁
= ||M ||2F + ||N ||2F + 2

∑︂
i

∑︂
j

mijnij

By applying Cauchy-Schwartz (∑︁mijnij ≤ (
∑︁

m2
ij)

1/2(
∑︁

n2
ij)

1/2), we get:

||M +N ||2F ≤ ||M ||2F + ||N ||2F + 2||M ||F ||N ||F = (||M ||F + ||N ||F )2

This directly simplifies to ||M +N ||F ≤ ||M ||F + ||N ||F .

# Proof of Orthogonal Invariance

Proof. By the trace property of the Frobenius norm:

||UAV ||2F = tr((UAV )T (UAV )) = tr(V TATUTUAV )

Since U is orthogonal, UTU = I. Thus:

||UAV ||2F = tr(V TATAV )

Using the cyclic property of the trace (tr(AB) = tr(BA)), we get:

tr(V V TATA) = tr(IATA) = tr(ATA) = ||A||2F
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Eckart-Young-Mirsky Theorem

For any matrix A ∈ Mm×n(R), the best rank-k approximation under the Frobenius
norm is given by the truncated SVD matrix Ak:

min
rank(B)≤k

||A−B||F = ||A− Ak||F =

(︄
n∑︂

i=k+1

σ2
i

)︄1/2

This theorem serves as the basis for greedy algorithms in low-rank approxima-
tions.

# Proof Sketch of Eckart-Young-Mirsky

Proof. Let A = UΣV T and let B be an arbitrary matrix with rank at most k. Be-
cause the Frobenius norm is invariant under orthogonal transformations, we have:

||A−B||F = ||UT (A−B)V ||F = ||Σ− UTBV ||F

Let C = UTBV . Since U and V are full rank, rank(C) = rank(B) ≤ k. Thus, the
problem reduces to minimizing ||Σ− C||F where C is a matrix of rank at most k.
Expanding this difference shows that the minimum is achieved when C matches
the first k diagonal entries of Σ (the largest singular values). The remaining error
is the sum of the squares of the discarded singular values∑︁n

i=k+1 σ
2
i .

Example: Real-World Application

Consider a Consumer Matrix M ∈ Mm×n(R) where each row corresponds to a consumer
and each column corresponds to a product. The entry (i, j) represents the probability
that consumer i purchases product j. Low rank approximation can be used to extract the
most significant purchasing trends. We can hypothesize that there are k hidden features
in consumers, such as age, gender, and annual income. This allows us to represent the
consumer matrix algebraically as M = AB, where A is a factor weight matrix and B is
a features matrix. In this context, the inner product between two such matrices A and
B can be defined as ⟨A,B⟩ := tr(BTA), which satisfies the Cauchy-Schwarz inequality
tr(BTA) ≤ (tr(ATA))1/2(tr(BTB))1/2.
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