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Note: This document contains my solutions to every exercise in the Series 2 problem set.
If you are lost and are looking for solutions to only the graded exercises, click here.

Exercise 1
Suppose that we have a random sample X, ..., X, i.i.d. ~ f5. We write X (or X

to emphasize on the sample size) to denote the entire sample (Xi,...,X,). For
the following scenarios, find the joint distribution pg(x) (pdf/pmf) of X. Identify

sufficient statistics for the unknown parameter 6 in each case.

(c) fo = Geometric(f), 6 € [0, 1].
(d) fo = Uniform(0,6), 6 > 0.

(e) fs = Uniform(6,1), 0 < 1.

(f) fo = Uniform(#,6 + 1), 6 € R.

(o) fo = Normal(6,6?), 6 € R.
(6,6

(p) fo = Normal(8,6), 6 > 0.

Solution:

In every part below we write z(;) < - -+ < x(,,) for the order statistics of the sample, and we
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lean on the Neyman-Fisher Factorization Theorem throughout: if py(x) = go(T(x)) h(x)

for some functions gy and h not depending on 6, then T'(X) is sufficient for 6.

(a) Bernoulli(f). The pdf of a single observation is fy(z) = 6"(1 — 6)" "L seq0,11}-
Since X,..., X, are i.i.d.,
po(x) = [ 07 (1 — )" = o= mi(1 — )" iz

i=1

This is already of the form gy(7'(z)) x h(x) with h(x) = 1. Hence

T(@ = Z x;

is sufficient for 6.

(b) Poisson(d). Here fy(z) = e%0%/z!, so

L e 0gu n 1
po(z) =] ‘ T = MO
i=1 v

ol " [T
90(T(x)) —_——
h(z)

Hence

T(z) = Z x;

is sufficient for 6.

(c) Geometric(f). Taking X; to be the number of trials until the first success, fy(x) =
6(1 —0)*~! for x =1,2,.... Then

=1
with h(x) = 1. Hence
T(z) = Z T
i=1
is sufficient for 6.
1
(d) Uniform(0, ). Here fy(x) = 5]1{0<x<9}, SO

po(z) =[] g Lo<aicoy = grliocan)) Lag <o}
=1

since all n observations lie in (0, #) if and only if the smallest one exceeds 0 and the
largest one is below 0. Taking go(T'(z)) = 07" 11, <py and h(z) = Ljo<ay, )},

~

T(z) = 2@, = maxz,

is sufficient for 6.



1
(e) Uniform(6,1). Here fy(x) = ﬁ]l{qu}, SO
1
po(z) = mﬂ{kxm} o<1y

~

Taking gg(T(f)) =(1- 9)*”11{9@(1)} and h(g) = L, <1}

T(r) = o) = minx;

~

is sufficient for 6.

(f) Uniform(6,0 + 1). Here fy(x) = Lipczcpt1y, SO

po(z) = H Lio<ai<o+1y = Ljo<ap)y Loy <41
=1

with A(z) = 1. Hence

is jointly sufficient for 6.

(g) Normal(0,6?). Here fy(x) = (276%)~1/2 exp (—I—Q), SO

n 1 <
po(z) = (216%) "/ exp (—@ Zaf)

with A(z) = 1. Hence

is sufficient for 6.

(h) Normal(y, 0?). Here fy(z) = (2m0?)"2exp (—M), SO

202

202 4

=1

pol) = (2m0?) ™ exp (‘L (2 - ,f)

Expanding the square, Y & (@; — p)? = >0 22 —2u Y " i + nu?, so

pe(z) = (27r02)_”/2 exp _n_,uz exp —L iﬂﬁ? + L i%
~ 202 202 — b2 p

with h(z) = 1, and the exponent depends on x only through >~ z; and > 2?. Hence

is jointly sufficient for 6 = (u, o).




(i)

(1)

Cauchy(0, 1). Here fy(x) = T (i —07) SO

1 — 1
= 14—(1‘2'—9)2

pe(g) B -
=1

Unlike the previous parts, this product does not simplify to a function of any lower-

dimensional summary of x — for generic n, 6, no algebraic reduction of > log(1 +

(z; — 0)?) is possible. The one genuine simplification available is that py(z) is a

symmetric function of z1, ..., z, (permuting the observations leaves it unchanged),
so it depends on z only through the order statistics, with h(xz) = 1. Hence

T(z) = (2@, - Tm))

~

(the full vector of order statistics) is sufficient for 6.

Cauchy (0, 6). Here fy(x) = ﬁ’ w0

" 1~ 1
po(2) _EEQQ+3§?

Here fp depends on z; only through z?, and the product is symmetric in the ob-

servations. So pp(z) depends on z only through the (unordered) values x%, ..., z2,

equivalently the order statistics of | X7|,...,|X,|, with A(z) = 1. Hence

T(f) = (|£|(1), R |$|(n))

is sufficient for 6.

o
C h s . H - )
auchy(u, o). Here fy(x) Sy P SO
0 -2l
Do A ™ p O'2+ (xz _M)Q

As in part (i), no algebraic reduction is available beyond the symmetry of the
product in 1, ..., x,. With h(z) =1,

is sufficient for 6 = (u, o).

1
Laplace(6,1). Here fp(z) = §exp(—|x —40)|), so

pg(f) = 2_17;, exp (— Z |z; — 9\)

i=1



The exponent ). |z; — 6| does not reduce to a function of a lower-dimensional
statistic (which of the z; lie above or below 6 changes as 6 varies). Since the
expression is symmetric in 1, ..., x,, with h(z) = 1,

T(z) = (z), - Tw)

is sufficient for 6.

Laplace(0, 6). Here fy(x) = %exp(—]ﬂ/@), SO

o) = g (_% 2 'm)

with h(z) = 1. Hence

T() = Io

is sufficient for 6.

1
Laplace(u, o). Here fy(x) = gy exp(—|x — pul/o), so

1 1«
po(z) = 20y &P (—; ; |zi — u|>

As in part (1), >, |z; — p| does not admit a lower-dimensional reduction. With
h(z) =1,

is sufficient for 6 = (u, o).

2 2\—1/2 (z—0)°
Normal(, #%). Here fy(z) = (276%)~/2exp | — Y , SO

=1

polz) = (26%) "% exp (‘% S i - ef)

Expanding, >, (z; — 0)* = >, 2? — 20>, x; + nb?, so the exponent involves z only
through > x; and > x?. With h(z) = 1,

is jointly sufficient for 6.



(b) Normal(9.6). Here fo(x) = (206) " exp (- 9—>2), s0

~

polz) = (2m6) "% exp (—% > (o - e>2>

Expanding as before, the exponent again involves z only through > x; and > 7.
With h(z) =1,

is jointly sufficient for 0. (We revisit this in Exercise 5 — it turns out this can be
reduced further.)

Exercise 2

Consider three independent random variables X; ~ Uniform(6 — 1,0), Xy ~
Uniform(¢,60 + 1) and X3 ~ Uniform(6 + 1,0 + 2). Find a bivariate sufficient
statistic for 6 based on X, X, X35.

Solution:
We have the following pdf for each Xj;
Ixi(@1) = Lomicarcoy [xo(®2) = Ljgcmocorny  [xy(23) = Ljot1<as<ot2)

Since X!s are independently distributed, we have the following joint pdf

fxx = Tgo-1<a1<0yL{o<ar<o41} L {o11<as<0+2)

= 1{11<9<x1+1}]l{1271<0<x2}]l{x372<0<x371}
= (Liosa 1 Lioswo—13L{o5m—2}) X (L{ocar+1} L 0<an) Lo<as—1})

= (]1{9>max{x1,x2—1,x3—2}}) X (]1{0<min{x1+1,x2,x3—1}})
Now, we’ll apply the Neyman-Fisher Factorization Theorem to the joint pdf. Thus,
we have the following

f‘i,(f - \(]1{9>max{x1,$2—17x3—2}}) X (]1{9<min{w1+17x2,w3—1}})1 % \1/'/

90(T () mz)

Thus, we have the following
g@(T(%)) = (]1{9>max{:1:1,:13271,:0372}}> (1{9<min{zl+1,mg,x371}}) and h(flf) =1

Hence, according to Neyman-Fisher Factorization Theorem,

T(z) = (max{xy, o — 1,23 — 2}, min{z; + 1, 29,23 — 1})

is jointly sufficient for 6



Exercise 3
Let X4,..., X, be independent random variables with X; having pdf

1
fou(@) o if —i(f—1)<xz<i(@+1),
0,:\L) =

0 otherwise.

Write down the joint pdf py(z) of Xi,...,X,. Find a bivariate sufficient statistic
for 6.

Solution:

We can rewrite the support condition for each X; using an indicator. Noting that —i(6 —

1) =i(1 — 0), we have
1
Joi(z:) = ﬁﬂ{i(l—9)<xi<i(6+l)}

Since the X]s are independently distributed, the joint pdf is the product of the
marginals

n

1
Po(f) = H %ﬂ{i(1—9)<mi<i(9+1)}

=1

1\" 1 n
~\ 2 N Lia-6)<ai<i
(29) <H?:12) g {i(1-0)<z;<i(6+1)}

Now we rewrite each indicator as a condition on @ rather than on x;. From i(1—0) < x;

Weget9>1—ﬁ,andfromxi<i(9+1)weget9>ﬂ—l. So
i i

Lia-o)<ai<io+1)} = Lggs1ziy gz gy

Taking the product over i = 1,...,n, and using [[;_, ¢ = n!,

1\" 1
pe() = (@) 5H1{6>1—%}1{9>%—1}
Ti=1

1\" 1
= (%) m ]1{9>maxlglgn(1—%)} ]1{0>maxlglgn(%—1)}

since a conjunction of conditions of the same type 6 > ¢; holds simultaneously if and only
if 6 exceeds the largest c;.
Now we apply the Neyman-Fisher Factorization Theorem. We have

1\" 1

pQ(f) = (%) ]1{9>maxi(1—%)}]1{6>maxi<%—1>} X ﬁ
R - —~—

90 (T(2)) mz)

Hence, according to the Neyman-Fisher Factorization Theorem,

T(x)= (max (1 — ﬁ) , max (ﬂ — 1))
~ 1<i<n i 1<i<n \ {




is jointly sufficient for 6

Exercise 4

Let 6y, 65, 05, 64 be parameters satisfying 6, < 63 and 6, < 6;. Denote by
R0, 02),(04,0,) the rectangular region with lower left corner (6;,6,) and upper right
corner (63, 0,) (see the figure below).

(03, 04)

R(91 ,02),(03,04)

(01, 62)

For 0 = (01,0,,05,04), let fyo(x,y) be the pdf of the uniform distribution on
R9, ,65),(65,0,)- That is

c if (z,y) € R9:,05),(65,04)>
0 otherwise.

fo(z,y) = {

(a) Determine the value of c.

(b) Let (Xi,Y1),...,(X,,Y,) be iid. bivariate observations with density
fo(x,y). Derive the joint pdf of the random sample (X1,Y7),..., (X, Yy).

(¢) Find a four-dimensional sufficient statistic for § = (6, 02, 03, 64) based on the
random sample (X1,Y7),...,(X,,Y,).

Solution:

(a) First we’ll calculate the area, S for the region. We can clearly see that the area
is rectangular in nature with the lengths 03 — 6; and 6, — 6. Thus, the area of
a rectange with the following lengths is area(S) = (03 — 61)(04 — 65). Hence, the
bivariate density of a pair random variable, (X, Y), distributed uniformly over the



area S would be
1
o) = | o =00 =73

0 otherwise

if (x,y) €S

Thus, clearly

1
(03 — 01) (04 — 02)

C =

Alternatively, the bivariate density can also be written as

1
= 1 1
f@(x; y) (93 91)(94 92) ( {01<z<03} {92<y<94})

Since (X1,Y1),...,(X,,Y,) are independently distributed bivariate, the joint den-
sity is just the product of their marginal densities. Hence, we have the following
joint density for the given random sample

- 1
f9 <§7?{) = L. (03 — 91)(94 _ 92> (]1{91<1'i<03}]1{92<yi<04})

=1

<(93 - 91)1(94 - 92)> I (Lioicen) (Moacnr) (Ligssay) (Lioisu)

i=1

1 n
= <(93 — 6’1)(04 — 92)> ]l{91<I(1>}]1{92<y(1)}]1{93>4U<n)}]l{94>y(n)}

Thus, we have the following result for the joint pdf of n i.i.d bivariate uniformly
distributed random variables (X;,Y;) in the given area S

1 n
f@ f? y = . . ]1{01<$<1)}]1{92<y(1)}]]-{93>x(n)}]1{04>y(n)}
4 (05 — 61) (0, — 65)

where ;) and y;) are order statistic

To find a sufficient statistic for 6 = (01,02, 0s3,0,), we'll use the Neyman-Fisher
Factorization Theorem. Consider the joint pdf in the following form

1 n
folzy) = — — Lo, <z} Loo <y} Li0s >0 Loy} | XL
~ (93 91)(94 92) ~~

~~ h($’y>
96 (gy) -

Thus, according to Factorization Theorem, we can conclude that

T (f’%) - ($(1),x(n),y(1),y(n))

are jointly sufficient for 6, where z(; and y;) are order statistic



Exercise 5

Recall that a sufficient statistic T = T'(X) for 6 is said to be minimal sufficient for
0 if, for any other sufficient statistic S ; S(X) of 6, we can write T as a function
of S, i.e., there exists some function g such that T(g) = g(S(g)) for all 2 € X. We

have also seen a condition which ensures that a statistic 7" is minimal sufficient.
Consider Exercise 1. Verify whether the sufficient statistics that you obtained in
that exercise are minimal sufficient. If not, then try to identify a minimal sufficient
statistic.

Solution:

We use the Lehmann-Scheffé likelihood ratio criterton: T'is minimal sufficient if and only
if, for any two sample points x and y, the ratio

pe(f)
pe(g)

is free of 0 if and only if T'(z) = T'(y). We check each part of Exercise 1 against this

~

criterion.

(a) Bernoulli(#).

pe(%) 62 (1 — @) O O\ 2T
pg(y) N szi(l — Q)H*Zyi B (1 _ 9)

This is free of 0 ift " x; = > ;. Hence T'(x) = > x; is minimal sufficient.

(b) Poisson(6).
x
po(z) _ gmeesu 1!

Po(y) [T

~

which is free of § iff > x; = > y;,. Hence T'(z) = ) x; is minimal sufficient.

(c) Geometric(f).

)
)

which is free of 8 iff Y x; = > y;. Hence T'(x) = ) x; is minimal sufficient.

o
pa(

R

=(1- Q)in—Zyi

=

(d) Uniform(0,0). Assuming both samples have all positive entries,
p@(%) _ ]]-{l‘(n)<9}
pe(y) ]l{y<n)<9}

~

If 2y # Yn), SAY T(n) < Y(n), then for & between the two, this ratio is 0 at some ¢
and 1 at others, so it is not free of 6. Hence the ratio is free of 0 iff z(,) = y(n), so
T(r) = x(,) is minimal sufficient.

~

10



(e)

(f)

Uniform(¢,1). By the same argument as (d), applied to (1) in place of z(,),
T(x) = (1) is minimal sufficient.

Uniform(f,6 + 1).
po() - Dgagy-1<o<an))

T
p0<y) B ]l{y(n)_1<0<y(l)}

This is free of 6 (equal to 1 for all § where the denominator is defined) iff the two
intervals (z(,)—1,2)) and (ym) —1,yq)) coincide, i.e., iff x4y = yq)y and z(,) = Y-
Hence T'(z) = (z(1), (»)) is minimal sufficient.

Normal(0, 62).

o (g ()

~

which is free of 6 iff Y a? = > y?. Hence T(x) = Y_ z? is minimal sufficient.
Normal(y, o?).
)

Po ($

5= (oSt - S -2 - S

Since 1/0? and p/o? range over linearly independent values as (u,0?) varies, this
is free of 0 iff both >"z; = > y; and >_ 2?7 = > y?. Hence T'(x) = (3. z;, > 2?) is

minimal sufficient.

Cauchy(0,1).

This is a ratio of two degree-2n polynomials in 6; it is free of 6 (constant) only if
the two polynomials are proportional, which happens iff they have the same roots,
ie, iff {x1,...,2,} and {y1,...,yn} agree as multisets, i.e., iff x¢;) = yq) for all
i. Hence T'(x) = (z(),..., %)) is minimal sufficient — no further reduction is

possible for the Cauchy location family.

Cauchy (0, 6).
polz) g2y g2

po(y) 10+ a7

By the same polynomial-in-6% argument as (i), this is free of @ iff {z% ... 22} =
{y?,...,y2} as multisets, i.e., iff the order statistics of |z;] match those of |y;|. Hence
T(z) = (|z]ay, - - -, %)) is minimal sufficient.

Cauchy(p, o). Identical reasoning to (i), now with two free parameters (u,o)
giving at least as many constraints; the order statistics T'(x) = (x(1),..., %)) is

minimal sufficient.

11



(1)

(m)

(n)

(0)

Laplace(6,1).

The function 0 +— ). |x; — 0] is piecewise linear with a kink at every z;; two such
functions (for x and y) differ by a constant for all 8 only if the underlying sets of kink

locations — and hence the order statistics — coincide. Hence T'(z) = (zq), ..., %x))

is minimal sufficient.

Laplace(0, 6).
Pe(f)

Po(y) P (_% <Z || — Z \yi|>>

which is free of 6 iff > |z;| = > |yi|. Hence T'(z) = ) |x;| is minimal sufficient.

=

Laplace(u, o). By the same kink-location argument as (1), now with an extra scale
parameter o, T'(x) = (z(1), ..., %)) is minimal sufficient.

Normal(6, 62).

po(z)
pg(w> = exp (—% (sz - Zf) +% (Zx - Zy>)

Since 1/6% and 1/6 are linearly independent functions of 6, this is free of 6 iff
both coefficients vanish, i.e., iff Y z; = > y; and Y. x? = > y?. Hence T(x) =

(3>, x?) is minimal sufficient.
Normal(6,0).

pe(f)
pe(g)

~exp (_% (St =>u) + (D—Zyz’))

Here only one power of 6 appears, so this ratio is free of 0 iff > 2? = > y? alone
— the leftover term exp (> x; — > y;) does not involve 6 at all, so it places no
constraint. This is a genuine difference from part (0): here the sufficient statistic
found in Exercise 1, T'(x) = (3. z;,>_ x?), is not minimal, since Y z; can differ

between x and y while the ratio still stays free of 8. The minimal sufficient statistic

is just

T(z) = Zn: x;
i=1

The intuition: because the variance equals 6 (not 62) here, 6 enters the exponent
through only a single power, so only one linear constraint on (z,y) survives — one

dimension less than in part (o).

12



